For the fast and exact computation of spherical harmonic transform (SHT) of a band-limited signal defined on the sphere from its samples, the Gauss-Legendre (GL) and equiangular sampling schemes on the sphere require asymptotically least number of samples. In comparison to the equiangular scheme, the GL scheme has larger spatial dimensionality, defined as the number of the samples required for the exact computation of SHT. In this work, we propose an efficient GL sampling scheme with spatial dimensionality equal to that of equiangular scheme. We also propose optimisation of samples along longitude to further reduce the spatial dimensionality of equiangular, GL and efficient GL sampling schemes. Furthermore, we demonstrate that the accuracy of the SHT is not affected with the proposed reduction in the spatial dimensionality.
INTRODUCTION
Signals on the sphere appear in a variety of fields of science and engineering (e.g., [1] [2] [3] [4] [5] ). Processing of signals on the sphere in the harmonic domain is enabled by the spherical harmonic transform (SHT)-well-known counterpart of the Fourier transform. Therefore, the ability to compute SHT of a signal from its samples (or measurements) is of significant importance. Furthermore, in applications where the cost of acquiring samples on the sphere can be large (e.g., [6] ), the sampling scheme on the sphere should have minimum spatial dimensionality defined as the number of samples required for the exact computation of SHT [7] . In this work, we propose optimisations to reduce the number of samples required by the existing sampling schemes that allow exact computation of SHT of band-limited signals on the sphere.
The development of sampling schemes on the sphere and methods to compute spherical harmonic transform from samples has been extensively explored in the literature, for example [7] [8] [9] [10] [11] [12] [13] [14] [15] and the references therein. In this work, we focus on the iso-latitude sampling schemes [7] [8] [9] [10] [11] [13] [14] [15] , where the samples along longitude are taken over iso-latitude rings, as these schemes enable efficient computation of SHT due to separation of variables. Among these schemes, the equiangular [9, 13, 14] and Gauss-Legendre (GL) [8, 15, 16] sampling schemes require asymptotically least number of samples for the exact computation of SHT of a band-limited signal.
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the Gauss-Legendre [15, 16] scheme, which we refer to as standard Gauss-Legendre sampling, requires L samples, chosen as the roots of Legendre polynomial of degree L, along co-latitude and 2L − 1 equiangular samples along longitude in each iso-latitude ring. Thus, the spatial dimensionality of standard GL scheme is NGL = L(2L − 1). We note that the samples along latitude in the the GL scheme are symmetric around equator. Such a symmetry of samples is useful in a sense that it reduces the computational time to evaluate SHT [15] , approximately, by a factor of two. Furthermore, the symmetry of samples is required in diffusion medical resonance imaging application where the diffusion signal is antipodal in nature [2, 6] .
The equiangular sampling on the sphere proposed in [14] requires least number of samples for the exact computation of SHT. The equiangular scheme proposed in [14] requires L samples along co-latitude, where a sample is taken at either of the poles. Due to the presence of a sample at the pole, the spatial dimensionality of the equiangular scheme [14] is NE = (L − 1)(2L − 1) + 1, which is less than the spatial dimensionality of standard GL scheme by
In this work, we address the following questions:
• Can we design an efficient GL quadrature based sampling scheme with spatial dimensionality NE, that is, equal to the spatial dimensionality of equiangular scheme?
• Can we further improve the spatial dimensionality of both GL and equiangular sampling schemes such that they require fewer than NE samples for the exact SHT computation?
• How do the the proposed improvements in the spatial dimensionality of different sampling schemes impact on the accuracy of the SHT?
In order to answer these questions, we organise the remainder of the paper as follows. We review the mathematical preliminaries in Section 2. An efficient GL sampling scheme on the sphere is presented in Section 3 and the optimisation of samples along longitude to reduce the spatial dimensionality is proposed in Section 4. The numerical accuracy of the SHT of a signal sampled over sampling schemes with proposed optimisations is evaluated in Section 5 and finally, the conclusions are made in Section 6. 
SIGNALS ON THE SPHERE
where P m (·) represents the associated Legendre functions [17] . Due to completeness of spherical harmonics, any signal f ∈ L 2 (S 2 ) can be expanded as
where (f ) m denotes the spherical harmonic coefficient of degree and order m, and is calculated using the spherical harmonic transform (SHT) given by
, which is denoted by HL.
Sampling Schemes on the Sphere -Notation
We define the iso-latitude sampling on the sphere in a general setting. Let the sample positions along co-latitude are denoted by θ1, θ2, . . . , where the samples are indexed, for convenience, in the increasing order of their angular distance from the equator (θ = π/2). For sampling along longitude, we choose equally spaced sampling points along φ in each iso-latitude ring. Now we define the GL sampling and equiangular sampling schemes for which the SHT of a band-limited signal f ∈ HL can be exactly computed.
Standard Gauss-Legendre (GL) Sampling
The standard GL scheme [15, 16] , denoted by SGL(L), composed of L samples, chosen as the roots of Legendre polynomial of degree L, along co-latitude and 2L−1 equiangular samples along longitude in each iso-latitude ring.
Equiangular Sampling on the Sphere
Here, we consider a variant of the equiangular scheme [14] , denoted by SE(L), composed of L+1 equiangular samples along co-latitude with samples at both of the poles and 2L − 1 equiangular samples along longitude in each iso-latitude ring. Due to the placement of samples at both of the poles, the spatial dimensionality of SE(L) is NE + 1.
EFFICIENT GAUSS-LEGENDRE SCHEME
In this section, we address the first question posed in the Section 1 and propose the GL quadrature based sampling scheme of spatial dimensionality NE.
Harmonic Formulation
For a band-limited signal f ∈ HL, the summation over degree in (2) is truncated at L − 1. By defining
whereP m (θ) Y m (θ, 0) denotes scaled associated Legendre functions, we rewrite the spherical harmonic expansion, given in (2), of a band-limited signal f ∈ HL as
which can be substituted in (3) to reformulate the SHT as
where the orthogonality of complex exponentials is employed.
Efficient Gauss-Legendre Sampling on the Sphere
We propose an efficient GL sampling on the sphere, denoted by SEGL(L), composed of L−1 iso-latitude rings of samples placed at θ1, θ2, . . . , θL−1 taken as roots of Legendre polynomial of degree
, and an additional sample θL at either of the poles. Similar to the standard GL scheme and equiangular scheme, we take 2L − 1 number of samples along longitude in each iso-latitude ring.
We now show that the SHT of a band-limited signal can be computed by taking the samples of the signal over SEGL(L). The formulation of a signal f in (5) indicates that Gm(θr), for each θr and each |m| < L, can be computed by taking FFT over 2L − 1 samples along an iso-latitude ring placed at θr. Once Gm(θr) is computed for each |m| < L and each θr, the spherical harmonic coefficients (f ) m can be computed using (6) provided the integral involved can be evaluated exactly over the number of samples along co-latitude.
Using (4), we rewrite the integrand in (6) as
For < L − 1, the polynomial degree of the integrand I m (θ) is L + − 1 or the maximum polynomial degree is 2L − 3. If we take L − 1 samples along co-latitude as roots of Legendre polynomial P 0 L−1 , the Gauss-Legendre quadrature allows to compute the integral exactly if the degree of integrand is less than 2L − 3. Hence, the spherical harmonic coefficients (f ) m of all degrees < L − 1 and orders |m| ≤ can be computed by discretising the integral in (6) as
where q(θr) denotes the GL quadrature weight given by
We yet need to compute the spherical harmonic coefficients of 
where
serves as a normalization constant. The formulation in (10) cannot be used for the computation of (f ) 
where we have noted G0(θL) = f (θL, 0). It is worth noting here that P 0 L−1 (θL) = 0 for θL = 0, π and any band-limit L.
OPTIMISATION OF SAMPLES ALONG LONGITUDE
With an objective to reduce the total number of samples required for the computation of SHT, we here present an optimisation to reduce the number of samples taken along longitude in the iso-latitude rings. The proposed optimisation can be applied to either standard GL sampling SGL(L), efficient GL sampling SEGL(L) or equiangular sampling SE(L).
Optimisation of samples
We first define the optimisation of samples along longitude and later we show that the SHT of a band-limited signal can be computed exactly from its values taken over the proposed sampling scheme. Instead of taking 2L − 1 samples along each iso-latitude ring as required by SGL(L), SEGL(L) or SE(L), we propose to choose 2L − 1 equiangular samples in the ring placed at θ1, 2L − 3 equiangular samples in the ring placed at θ2 and 2L − 5 equiangular samples in the remaining iso-latitude rings. We add a superscript 'O' to the notation SGL(L), SEGL(L) or SE(L) to denote this optimisation (or reduction) of samples along longitude and the sampling schemes are referred to as optimised sampling schemes.
Computation of SHT
For each sampling scheme, the computation of SHT requires to compute Gm(θr) for each order |m| < L and each sample θr along colatitude. In order to enable this computation, these schemes consider 2L − 1 samples along each iso-latitude ring. We here show that Gm can be computed for each |m| < L and each sample θr for each optimised sampling
). Since we have taken 2L−1 number of samples in a ring placed at θ1 (closest to the equator θ = π/2), Gm(θ1) for each |m| < L can be computed by employing FFT following (5) . As there is only one coefficient of each order L−1 and
Note that the denominatorP
Once we compute (f ) m L−1 for |m| = L − 1, these can be used to update the signal at all sample positions (except for the samples in the ring placed at θ1) as follows:
wheref
After the update in (14) , the signal f , given in (5), at the remaining
which indicates that the signal now does not have a contribution of complex exponentials e i(L−1)φ and e −i(L−1)φ . Thus, we only need 2L − 3 number of samples in the ring placed at θ2 in order to recover Gm(θ2) for |m| < L − 1 using FFT. Now we have Gm(θ1) and Gm(θ2) for all |m| < L, which can be used to compute the spherical harmonic coefficients (f ) m of order |m| = L − 2 and degree = L − 2, L − 1. The location of θ1 depends on the band-limit L and the choice of sampling scheme, due to which the computation of (f ) m of order |m| = L − 2 is presented for two cases. We first note thatP
This case arises when the band-limit L is odd for SGL(L) and even for SEGL(L) and SE(L). We consider |m| = L−2 throughout this subsection. Due to the presence of cos θ inP
which can be used to determine (f ) for |m| = L − 2 can be computed exactly using Gm(θ1) and Gm(θ2) by setting up an orthogonal system of linear equations using (4) .
Once the spherical harmonic coefficients of order |m| = L − 2 are computed, the signal at the sample positions (except for the samples in the rings placed at θ1, θ2) is updated as follows f (θ, φ) ← f (θ, φ) −fL−2(θ, φ). With this update, the signal now have the contribution of complex exponentials e imφ for |m| < L − 2, which implies that we only require 2L − 5 samples in the rings placed at θr, r > 2 to determine Gm(θr) for |m| < L − 2 using FFT. [2, 6] where the band-limit is of the order 10 − 10 2 and the cost of acquisition is proportional to the number of samples (measurements).
ACCURACY ANALYSIS
We analyse the accuracy of the SHT of a band-limited signal sampled over standard GL SGL(L), equiangular SE(L), efficient GL SEGL(L) sampling schemes and optimised versions of these
We implement the SHT associated with each of the sampling scheme in MATLAB in double precision arithmetic. In our implementation of SHT associated with the GL quadrature based sampling schemes, we use the three term recurrence relation [7] for the computation of scaled associated Legendre functionsP m (θr) = Y m (θr, 0) for all degrees < L and orders |m| ≤ and for the required samples θr along latitude. In the implementation of SHT for equiangular sampling scheme [14] , Wigner-d functions are computed using the recursion relations proposed in [18] .
For each sampling scheme, we carry out the accuracy test composed of following steps: 1) obtain a band-limited test signal fT ∈ HL in the harmonic domain by generating its spherical harmonic coefficients (ft) m for 0 < < L, |m| ≤ with real and imaginary parts uniformly distributed in the interval [−1, 1], 2) obtain the signal f in the spatial domain over the samples of each sampling scheme using (2), and 3) apply SHT associated with each of the sampling scheme to the signal in the spatial domain to compute the reconstructed spherical harmonic coefficients, denoted by (fr) m . We repeat the test 50 times and record the average value for the maximum error Emax given by
which is plotted in Fig. 1 for standard GL sampling SGL(L), efficient GL sampling SEGL(L), equiangular sampling SE(L) and optimised versions of these schemes and band-limits in the range 16 ≤ L ≤ 1024. It is evident that the reconstruction errors do not change with the proposed optimisation of samples along longitude. It can also be observed that the maximum error Emax is slightly larger for efficient GL scheme, which is due the normalization by the factor Q m L in (10) for the computation of spherical harmonic coefficients of degree L − 1. 
CONCLUSIONS
For the fast and exact computation of spherical harmonic transform (SHT) from the samples of a signal defined on the sphere and band-limited at spherical harmonic degree L, we have proposed an efficient GL sampling scheme with spatial dimensionality NEGL = (L − 1)(2L − 1) + 1 = NE, that is, equal to that of equiangular scheme. For each equiangular, GL or efficient GL sampling scheme, we have also proposed the optimisation of samples along longitude to reduce the spatial dimensionality by approximately 4L. This reduction in the number of samples can be useful in diffusion magnetic resonance imaging (dMRI) application where the band-limit is of the order 10 − 10 2 .
